In this paper a new upper bound for the feedback set of cubic graphs is obtained. This result answers a question posed by Speckenmeyer (1986 Speckenmeyer ( , 1988 in the field of feedback vertex set and improves several former results due to Bondy et al. (1987) . Also this new bound is sharp in some cases.
Introduction
Let G = (V,E) be an undirected simple graph. A vertex set FC_ V is called a feedback set (f.v.s) of G if the graph G -F is a forest. The cardinality of a minimum f.v.s of G is denoted by f(G). The girth g = g(G) of a graph G is the length of a shortest cycle in G.
For a connected cubic graph G of order n and girth g, Speckenmeyer [6] obtained that 4gg+_l 2 g-1 f(G)<~ n + 2g-1 and posed a question to improve this inequality. Speckenmeyer also conjectured that for a biconnected cubic graph G without tri angles, f(G)<~ ½1 g(G)l. Bondy et al. [1] proved that for a connected cubic graph G of girth at least 4 
, f(G) <~ [I V(G)I/3]. This problem was completely solved by Zheng
and Lu [7] , the answer is that for a connected cubic graph G of girth at least 4,
f(G) <~ l~[v(a)lJ if ]V(G)I ~ 8, and the upper bound is sharp.
To answer Speckenmeyer's first problem, we have obtained a result in [4] by showing that {g+l 3-g g )n + 2~_22,min ~" 2g + 1 U(G) <. % max 4--~-~_ 2 n + 2-9---]' 4(9 -1 ]. 8~-~-6 n 4 g+l n g-6}} 4 4g-3'4g-2
This paper is a continuing study of this problem. By combining the method used in [4] and a bipartite graph method used in [1] , we can improve our result further. We will see the result in this paper includes the result in [7] , improves the results in [1] and [6J.
A few words about our notation and terminology. A vertex set J C V is called a nonseparating independent set (n.s.i.s.) of G, if J is an independent set of G, and G -J is connected. The cardinality of a maximum n.s.i.s, of G is denoted by z(G). 
Basic lemmas
In [6] , Speckenmeyer gave an algorithm B to find an n.s.i.s.J.
Algorithm B: Input. Cubic connected graph G and a minimum f.v.s. F of G; J ~---O; while there is a vertex v E F -J, which is a c.b.p, of G -J, do d +---J U {v}; Output. J;
He then proved that Theorem 1 (Speckenmeyer [6] ). For a cubic connected graph G of order n and girth g,
He also obtained the following two lemmas.
Lemma 2 (Speckenmeyer [6] Lemma 3 (Speckenmeyer [6] ). Let G be a cubic connected graph with n vertices.
The following two lemmas were used in [4] and will be used in the proof of our main result. For completeness, we give proofs here. Fig. 1 .
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In any case, we have h = (n -z -k)/g. Combining with f(G) = ½n -z + 1 and f(
The importance of this lemma is that it gives exactly f(G) in terms of g and k.
By using this result, we can obtain an upper bound for f(G) and we can see that in many cases, this upper bound is sharp.
Theorem 6 is Propositions 2 and 3 in [1 ] .
Theorem 6 (Bondy et al. [1]). Let G be a connected cubic graph with n vertices where n>>.6. Then z(G)>~(n +6)/8. Equality holds if and only if G is derived from a cubic tree by blowing up each degree three vertex to a triangle and attaching K4 with one subdivided edge at each degree one vertex. (We denote this class of graphs by f¢.)
As a consequence of Theorem 6, Lemmas 3 and 5, we have
Corollary 7. Let G be a connected cubic graph of girth 3 with n vertices where n >>. 6. Then z(G) = k(G) if and only if G 6 ~.
Proof. Since g(G) = 3, by Lemmas 3 and 5, it follows that 
except Jbr G E {K4, GI, G2} U fg.
fig=3 and G E (~,
Proof. Let F,J, U, ko, V, kl, W, k2,h,z,k be defined as above. By Lemma 5, we have
The proof of this theorem is organized as follows. First in part A, we shall prove that k>~z for any G -J where J is a maximum n.s.i.s, of G. It then follows that
Next in part B, we shall determine the extremai case when k = z and we shall see
Part A: Now we need to estimate k. The following facts are useful.
Facts. If a cycle C of G-J has length at most 39-7, then no vertex of J joins C by three edges. If a cycle C of G -J has length at most 2g -5, then no vertex of J joins C by two edges.
These facts are true because otherwise we will have a cycle in G with length less 
j=, rcJl # has only one cycle of girth g. Then n = 29 and g = 2l. If g : 4, we obtain n = 8, and this graph does exist. Let 9/>6. Then G is a graph obtained by joining the two 2l-cycles by an /-matching. Note that G has girth g = 2l. To obtain G, one can draw a cyle of length 2l and then draw an edge at each vertex of this cycle. So we have 2l vertices of degree 1 now. To make it cubic and no more new vertex added, this is possible only if 2l = 4. If 21 = 6, the smallest order of such a graph is 14 and this graph is unique. If 2l > 6, then all the degree 1 vertices are independent, otherwise, the girth of G is less than 21 (easy calculation). This means we must add new vertices to make it cubic. So this kind of graph does not exist since a cubic graph of girth g must have order greater than 2g if g >~ 6.
(b) Ui does not join to CJ'. Let Ui join to C f. Then there is a path uabv in G such that u E C j', a E Ji, b C Ui and v E C/. Let J' = (J -{a}) U {u,v}. Then it is easy to see that J' is an n.s.i.s.
This contradicts the maximality of J.
We see that in this case, k = z only when 0 = 4, n = 8 and this graph is the graph Gl described in [7] . So in this case, we always have
From the proof above, we have that in the extremal case when k = z we must have that g~<5.
Case B 1: g = 5. In the proof of subcase 2.4, we met equality only in the following cases. occur only if G -J has only one 5-cycle and G is the graph G2 which is a graph of order 8 as described in Lu and Zheng's paper [7] . To prove this, let J/= {a, b}, and Wi = {wl,w2,w3,w4}, and Ui = {u}, and C J' = wlw2w3w4wswl. Now 
